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Abstract

Since the work by Denef, p-adic cell decomposition provides a well-established
method to study p-adic and motivic integrals. In this paper, we present a variant
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application, we obtain that the largest pole of certain Poincaré series, which are gener-
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As a side result, we prove a relative quantifier elimination statement for Henselian
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1 Introduction

This paper centers around the following question. Given two p-adic fields L > K,
both equipped with the Haar measure, and two ‘similar’ functions f7 on L" and fx
on K", in what generality can one deduce the integrability of fx from the integrability
of f1? This turns out to be a delicate matter, with the geometric hope that in L one
sees ‘more’ than in K. In this paper we make precise what ‘similar’ and ‘more’ may
mean for this question about descent from L to K.

In the context of uniform p-adic integration, one often describes fx uniformly over
all p-adic fields K by using model theoretic tools, see e.g. [7, 26]. This leads to uniform
descriptions of integrands, their integrability, their integrals, loci of integrability, etc.,
when varying over all K, but the mentioned descent for integrability is more subtle
than just having these uniform descriptions. We will use two levels of extra control
that can both be seen as forms of positivity. The first is a non-negativity notion coming
simply from avoiding differences, which is reminiscent of the semi-ring approach to
motivic functions from [8]. The second form of positivity comes from allowing only
existential formulas in the descriptions of the fx. Note that any existential formula ¢
has the following form of positivity: for any substructures A C B, one has an inclusion
of the solution sets ¢(A) € ¢(B), see (3). The study of existential p-adic integrals
and their descent properties are new. Let us make this all precise.

1.1. We first introduce our results on descent in the concrete setting of point counting
in finite rings as in Igusa’s work, see e.g. [13]. Let f(x) € Z[x] be a non-constant
polynomial in m variables. If we wish to understand the number of solutions of f(x) =
0 mod N forall N > 0, it suffices by the Chinese remainder theorem to understand
the numbers

N p(f) = #{E € (Z,/(P")™ | £(§) =0},

for primes p and integers n > (. One way of studying these numbers is by investigating
the corresponding Poincaré series

+oo
Ppp(Ty=Y" N”+}if)T".
n=0

Up to a transformation 7 +> p~*, we may view Py ,(p~*) as a function of one
complex variable s with positive real part. Igusa showed in [16] that this function can
be expressed in terms of a p-adic integral and that I3f, p(p™?) is a rational function
in p~—%, with a candidate description of all the poles based on a log resolution of
f = 0. The maximum of the real parts of the complex poles of f’f’ p(p7*) is of
particular interest, as it relates to the asymptotic growth of the quantities 1(7,,, p(f), for
n — oQ.

Now consider a finite extension K of Q, with valuation ring Ok and choose a
uniformizer ¥ € K. Then we can similarly count the number of solutions ](7,1, k()
of f(x) = 0in OF/(x"), where (") stands for the ideal generated by 7" in O%.
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Denote by ¢ the cardinality of the residue field of K and consider the corresponding
Poincaré series

. +o00 Nn
Prx() =Y. Nk ) . )

nm
n=0

Again, P ¢,k (q*) isrational in g —*, and, from the candidate description of poles based
on log resolutions, it follows that for the largest real part of the poles of P k@),
denoted by —Ax (f), one has

let(f) < Ak (f),

Whgre the left-hand side is the log canonical threshold of f(x); here, by convention,
if Py k(g™°) has no poles, then Ag (f) = +o0.
One corollary of our results is that when L is any finite field extension of K, then

AL(f) < Ak (f). 2)

We refer to this phenomenon as descent: information for Tk ( f) descends from field
extensions. An alternative proof of this should follow from comparing, between vary-
ing p-adic fields K, the numerical data of a log resolution of {f(x) = 0} over
K.

This descent phenomenon also holds for the largest pole of Serre version of the
Poincare series, where one replaces the counts N, g (f) by

No g (f) :==#& € Og /(") | Iy €e O (f(y) =0AE =y+ (@)}

It follows from [11, Thm. 1.1] that the corresponding generating series is rational in 7’
and then descent for the largest pole can be deduced from [25, Thm. 2], which yields
a precise description of the largest poles in terms of dimensions. This paper deduces
such descent properties in a general setting, giving a uniform treatment for descent of
the largest pole of the Poincaré series (1) and this Serre version. More importantly,
our methods yield descent properties in contexts where algebro-geometric tools are
not readily available.

1.2. Let us illustrate the extent of our results with a one-variable variant on the Poincaré
series from [11, § 5]. Continuing with our notation for f, K, &, n, consider for any
j € N the numbers

N jk (f) :=#{5 € O /(") | I € O /" )(f(Q) =0AL =E mod ")}
For any ¢ € N consider the generating series

+00

Nu,en.x (f)
Prax(T) = ) == =T,
n=0 q
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By expressing Py ¢ x (g ~°) as a suitable p-adic integral, it follows that each of these
series is rational in 7. However, compared to the usual Poincaré series (1) the data
from which this integral is built is no longer purely algebraic. Rather, it is definable
(in e.g. the Denef-pas language). More precisely, it is existentially definable (see
Definition 2.11).

By taking the model-theoretic viewpoint, we can treat these series on the same
footing as the usual Poincaré series (1) (and the Serre version) yielding descent results
for the largest poles of these series as well.

Write —A¢ g (f) for the largest real part of the poles (in s) of P ¢ x (g~°) (and put
M.k (f) = +oo if there are no poles). We prove the following:

Theorem 1.1 If K is a p-adic field, then for any finite field extension L, it holds that
et (f) = ek ().

As in the case of the Poincaré series, this yields a comparison between the asymp-
totics of the Ny, ¢y, 2 (f) and the N, ¢y x (f). As one always has Ay g (f) > 0, this
theorem opens the way to study properties of limit values of A x ( f) when K becomes
a bigger and bigger extension.

1.3. Our applications to the poles of these Poincaré series are two special cases of a
general result which we call descent for the K-index. We now explain this in more
detail.

Using model theory, one can interpret functions uniformly in field extensions of K.
More precisely, we consider families of functions f = ( fx)x where K runs over all
p-adic fields, such that there exists a single formula (in the sense of logic) of which
each fx isthe interpretationin K. Forsuch f = (fx: Xg € K™ — K)g, we define,
for each p-adic field K, the K-index of | f| as

ind§ (1) := sup{s € R.g / | fx Ik dx < +oo},
Xk

with the convention that ind§(| f1) = 0 when the set of such s is empty and
ind¥ (| 1) = +o00 when it is unbounded.

Here |-| ¢ is the absolute value associated to the 7 -adic valuation (with |7 |x = ¢~")
and the integral is taken with respect to the (additive) Haar measure p, normalized
such that ©(Og) = 1.

Descent for the K-index of | f| may fail for trivial reasons, since one may easily
define functions which become “less singular” in field extensions (Example 7.8).
However, it does hold when the graph of f is existentially definable.

Theorem 1.2 (Descent for the K-index) Let f = (fx: Xx — K)g be a definable
Sfunction in the language Lyq = Lying U{O}. If the graph of f is given by an existential
formula,' then for any p-adic field K and any finite field extension L > K, we have

ind% (1 £1) < ind¥ (1 £)).

1 An existential formula is a formula of the form Jye(x, y) for some quantifier-free formula ¢(x, y) and
tuples of variables x, y, see Definition 2.11
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Our results for the Serre—Poincaré series and other Poincaré series follow by
identifying their largest poles with — ind§ (| f1), for some suitable f.

1.4. Our main technical tool consists of a cell decomposition statement (Theorem 4.14),
with precise control on existential quantifiers.

The idea of using cell decomposition to study p-adic integrals has a long and
successful history. It was first introduced by Denef in [11] and then further developed
by Pas in [26, 27]. Since a cell decomposition gives a nice description of a given set,
uniformly in a certain class of fields, it is well suited to the development of theories
of uniform p-adic integration over either local fields of sufficiently large residue field
characteristic (e.g. [4, 5]) or p-adic fields of any residue field characteristic ([7]), both
following the more abstract motivic approach of [8, 9].

We are interested in comparing the (integrals of) interpretations fx and fj, of a
single f = (fx)k between a p-adic field K and a finite field extension L > K.
This leads to two key technical differences compared to the usual cell decomposition
powering the aforementioned frameworks for uniform p-adic integration. First, we
work in a language with leading term maps, rather than angular component maps.
This is because leading term maps always extend to field extensions (Proposition 3.1),
but angular component maps might not (Proposition 3.3). Second, we expand our
language by certain predicates related to Hensel lifts in order to have more precise
control on existential quantifiers.

Roughly speaking, this control on quantifiers allows us to split up an existentially
definable set in cells that are also existentially definable (see Theorem 4.14 for more
details). This then allows us to reduce the proof Theorem 1.2 to the case where X is a
cell on which f is prepared in a certain way. The importance of existential formulas
is related to the following fact: if X and the graph of f = (fx: Xx — K)k are
existentially definable, then whenever K < L, we have

Xk € Xpand fx = frix- (3)

This allows for a meaningful comparison of the integrals of fx and f7.

1.5. Additionally, our cell decomposition implies an existential quantifier reduction
statement in a certain language £RV (introduced in Sect. 2). It contains a sort VF for the
valued field as well as sorts RV y, for the leading term structures K * /(14+N M g )U{0},
for all integers N > 0. It also contains the aforementioned Hensel lift predicates. In
this language, we may formulate the theory Then,o Of characteristic zero Henselian
valued fields (with arbitrary residue field characteristic).

Theorem 1.3 (3-VF elimination) Any existential LR -formula is equivalent modulo
THen.o to an existential LR -formula without any valued field-quantifiers.

Because we include extra Hensel lift predicates in our language, we are able to
obtain a tighter control on quantifiers than in [15, Prop. 4.3]. Additionally, our quan-
tifier reduction statement implies an AKE-like principle for the existential theories of
Henselian valued fields (Corollary 6.5).

) Birkhauser
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2 Valued fields and leading terms
2.1 Notation and conventions

Throughout this text, K denotes a nontrivial valued field, with valuationring Ox # K.
This means that for x € K one has x € Ok or x~! € Ok, and K is the fraction field
of Og. Write Mg for the unique maximal ideal of Og and ' = K*/ OIX< for the
value group of K. The value group I" will be considered as an additive group and may
be of any rank. It comes equipped with a surjective valuation map ord: K> — T'.

For each integer N > 0, write Ry for the residue ring Ok /(N Mk). Also, define
an open ball B(a, y), with center a € K and valuative radius y € I" as

B(a,y) ={xe K |ord(x —a) > y}.

We will make extensive use of the leading term structures RV y. Denote the set of
strictly positive integers by N. Forany N € N, define RV as the multiplicative group

RV = K*/(1 + NMg),

and set RVy = RV;, U{0}. We have maps rvy: K — RVy, given by the natural
projection on K * extended by rvy (0) = 0. Whenever N divides M for some 0 <
N < M, the map rvy induces a map RV, — RV, which we also denote by rvy.
When N = 1, simply write RV and rv instead of RV and rv;.

Example 2.1 Let k be any field and let K be k((¢)), with valuation ring Og = k[[¢]].
For a; € k\{0}, one has that

v Zaiti :ajtj(l—f-MK).

i>j

In the above example, we have that RV = Ry x T for all integers N > 0. This
is not always the case, since angular component maps (recalled in Sect.3.2) do not
always exist, [28]. However, there always exists natural short exact sequences

x ord

{1} > Ry = RVy — I' = {1}.
Thus, RVy combines information about the residue ring Ry and value group I'.
Furthermore, the valuation map ord: K* — TI' can be seen to factor through the map

ord: RV:, — I', which we denote with the same name. In particular, the following
defintion makes sense.

Definition 2.2 Define a binary relation relation | on RV y, given by

vy ()| vy (y) <> ord(x) < ord(y).

W Birkhauser
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Finally, we note the following lemma whose proof is immediate (see also [15,
Prop. 2.2] for further equivalent conditions).

Lemma 2.3 For x,y € K\{0}, we have

rvy(x) =rvy(y) <> ord(x —y) > ordy + ord N.

2.2 Partial addition on RVy

We now recall some preliminaries on the leading term structures and their partial
addition in particular. None of the mentioned facts are new. We include them here to
keep the paper self-contained. We also refer to [15] for a further overview of some
basic properties.

Definition 2.4 The partial addition & on RVy is a ternary relation such that
@ (&1, &, &) holds if and only if there exists x; € K withrvy (x;) = &; fori = 1,2,3
such that x; + xp = x3.

Instead of viewing @ as a relation, we can (and will) equivalently consider it as a
binary operation +, which takes two elements £, &, € RVy and produces a set of
elements

&1 +& =1{& € RVy | ®(61, 62, 83)}

For two subsets A, B C RV, we define their sum as

A+B=J&a+a

£1€A
&eB

Notation 2.5 If for a,b € RVy and ¢ € RVy it holds that a + b = {c}, then we
abbreviate this by a + b = c. Similarly, for a, b € RVyy and ¢ € RVy, we write
rvy(a + b) = cinstead of rvy (a + b) = {c}.

Together with the (multiplicative) group structure of RV;, and the map
ord: RVy — T, this “addition” endows RV y with the structure of a valued hyperfield
([19] [21, Prop. 1.17]). In particular, we have the following properties:

Lemma2.6 Let N € N and &1, &,& € RVy. Then the partial addition on RV y
satisifies

(1) (neutral element) 0 + &1 = & + 0 = &,
(2) (commutativity) & + & =& + &1,
(3) (associativity) (§1 + &) + & = &1 + (52 + &).

Proof This follows from unwinding the definitions. For example, &4 € &1 + (&2 + &3)
if and only there exists x; € K fori = 1, 2, 3, 4 with the property that rvy (x;) = &;
and x| + x2 + x3 = x4. This proves associativity. O

) Birkhauser
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By the above lemma, expressions such as Z?:o & with & € RV are well-defined.

Lemma 2.7 Consider positive integers N, d and elements & € RVy fori =0, ...,d.
Let iy be such that ord &§;, = min; ord &;. Then for any a € K withrvy(a) € Z?:O &
one has

d

Zé,- =1vyN B(a,ord &, 4+ ord N).
i=0

For any subset A € RVy and 6 € T, say that ord(A) < § if ord(x) < § holds
for all x € A. Note that by the above lemma, we have 0 ¢ Z?:o &;, if and only if
ord(Z;jzo &) <y for some y € I if and only if ord(Z?’zo &;) is a singleton.

The following lemma is a reformulation of Hensel’s lemma in terms of the partial
addition on RV y.

Lemma 2.8 Let K be a Henselian valued field and f(x) = Z?:o a;x" a nonzero
polynomial with coefficients in K. If for N and § € RV y, one has

d
ord (er;v(iai)éi_l> < 1rﬁnl_iéldord(aiéi_l) +ord N,

i=1

and if there exists some & € RV N2 such that tv 2 (€) =& and

d
0e erNz(a,»)éi, 4

i=0
then there exists a unique xo € K withrvy(xo) = & and f(xo) = 0.

Proof Let b € KX be such that rvy2(b) = £ and let ip € {0,...,d} be maximal
such that ord(a;,£'°) is minimal among the ord(a;&") fori € {0, ..., d}. Note that by
Eq.(4), we have iy > 1. Now consider the polynomial g(y) € Ok[y] given by

d

aibl .
gy =Y ai;bioy’

i=0

Then our assumptions on f and & imply that

ordg'(1) <ordN,
ord g(1) > ord NZ.

By Hensel’s lemma [14, Thm. 7.3], we find a unique yp € K with g(yp) = 0 and
ord(1 — yg) > ord N. Now set xo := byp. Then f(x9) = 0 and ord(b — xp) >
ord b + ord N. The latter precisely means that rvy (xg) = rvy(b) = &. m]

W Birkhauser
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Remark 2.9 With the notation of the above lemma, let 2 (x) = Z?:o bix' be any poly-
nomial withrv 2 (b;) = rvy2(a;). Then the lemma also holds for 2 (x). In other words,
the existence of the Hensel lift of £ is a condition on (§, 1v2(ao), . . ., rvy2(ag)) rather
than on (¢, ag, ..., ag).

2.3 The language £®Y

We work in a multisorted setting, with sorts (VF, (RVy)nen). Recall that N stands
for the set of positive integers in this paper. Let LRV be the language which precisely
contains

(1) the ring language Lying = {0, 1, +, —, -} on the valued field sort VF,

(2) the language {0, 1, -, |, @} on the leading term sorts RV, where | and & are a
binary and ternary relation symbol, - is a binary function symbol and 0, 1 are
constants,

(3) function symbolsrvy: VF — RVy forall N € N,

(4) function symbols rvy: RVy — RVy whenever N | M,

(5) arelation symbol Py 4 on RVy x va\;l, foreachd, N € N.

A valued field K, with valuation ring Ok and maximal ideal Mg has a natural
LRV structure, as follows.

(1) VF and RV y are interpreted as K and RV y, respectively,

(2) rvy is interpreted as the projection rvy : K — RVy,

(3) the function symbols rvy between the leading term sorts are interpreted as the
projections rvy : RVy; — RVy,

(4) on RV, the symbols 0, 1 are interpreted as 0 and rvy (1), respectively,

(5) the function symbol - on RV y is interpreted as the multiplication on RV Y, extended
byO-x =x-0=0forallx € RVy,

(6) | and @ are interpreted as in Definitions 2.2 and 2.4,

(7) Pn,a(§,%0,...,¢q) holds in K if and only if for any (all) ag, ..., aqs € K with
rvy2(a;) = ¢ the conditions of Lemma 2.8 hold, with f(x) = Z?:o a;x' (and
this N and &).

We will write RV y g for the interpretation of the sort RV in K when there is risk of
confusion between the two. Additionally, we define the following shorthand

RV; := RV, x--- xRV, ,

where n = (ny,...,n,) e N,

Remark 2.10 Note that Py 4 can be expressed by an existential formula without VF-
quantifiers in L8Y\{Py 4}y 4. By adding it as a symbol to our language, we enforce
that also its negation is existential and without VF-quantifiers (even quantifier-free).
This is crucial to the reduction step (5) in the proof of Proposition 5.2.

) Birkhauser
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2.4 Model-theoretic conventions

Throughout the following sections, we work in a fixed language £, which is any
expansion of LRV by constants, function symbols and relation symbols such that the
new function and relation symbols do not involve any VF-variables. We also work with
a fixed L-theory T, expanding the LRV -theory Tijen.o of characteristic zero nontrivial
Henselian valued fields equipped with the natural £RV-structure from Sect.2.3. An
L-formula ¢(x) is understood to be in a tuple of variables x = (x1, ..., X,,), ranging
over any cartesian product of sorts. We typically use the letters &, ¢, n, p for tuples of
variables running over RV;;.

Given some collection /C of models of T, a collection X = (Xg)gci of subsets
Xk C K™ x RVj is called a definable set if there exists some L-formula ¢ (x) such
that ¢(K) = Xk for all K € K. A definable function f: X — Y between definable
sets X, Y is a collection of functions ( fx : Xx — Yk )k, each with domain X g such
that graph(f) = (graph(fx))k is a definable set.

We say that two formulas are equivalent if and only if they define the same definable
sets (this depends on the choice of k). The collection /C will usually consist of all
models of T (i.e. K is elementary). In this case, two formulas determine the same
definable set if and only if they are equivalent with respect to 7. For how to deal with
a small set-theoretical issue here (when speaking of all models), see e.g. the start of
section 2.3 of [8].

Definition 2.11 An existential formula is a formula of the form Iy¢(x, y), where
¢(x,y) is a quantifier-free formula. A definable set which is given by an existential
formula is called an existentially definable set.

Notation 2.12 Consider definable sets X, Y, Z with Z C X x Y. For y € Y, write
Z(y) for the fiber of Z at y, as follows:

Z(y) ={xe X | (x,y) € Z}.

3 Comparison of leading terms to angular components

In this section we motivate our choice of working with leading terms instead of angular
components: the former pass well to subfields, where the latter do not, see Proposi-
tions 3.1 and 3.3. Since our main theme concerns comparison results when passing
from a smaller p-adic field to a larger one, this clearly motivates the naturality of our
set-up.

3.1 Valued subfields are RV-substructures

Let Ly be the one-sorted language Ling U{O}. Any valued field K has a natural Ly,-
structure where we interpret O as the valuation ring Ok . Note that for two valued fields
K, L, we have that K is an Ly, -substructure of L if and only if K is a subfield of L
and Ok = KNOy.

W Birkhauser
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The following proposition is essential to our approach to descent for the K -index.
This is our main motivation for working with the leading term structure, rather than
with a language with angular components.

Proposition 3.1 Ler K, L be two Henselian valued fields of characteristic zero. If K
is an L,q-substructure of L, then K is an LR substructure of L.

Proof By assumption, K is an Lring-substructure of L. Now note that since Og =
K N O, we have that Mg = K N M. Indeed, Mg contains 0 and all nonzero
x € Ok for which x~! ¢ O = O N K. Hence for all integers N > 0 we have that
1+ NMg = KN ({1 + NMp). Thus the inclusion K < L induces an inclusion
of abelian groups K*/(1 + NMg) — L*/(1 + NMpy). We can thus identify
RV g with a subset of RV 1, for each N > 0. Under this identification, the maps
rvy: VF - RVyandrvy: RVy — RVy on L restrict to those on K.

We still need to prove that the relations |, @, Py 4 on K are the restrictions of those
on L. For | this is clear. For the relation @, we use Lemma 2.7. This yields that for
&1, % € RVy g the sum & + & is the image under rv of an open ball Bx C K.
Then & + & equals rvy (Br), where By, C L is an open ball with the same center
and valuative radius as Bg . The claim now follows from the fact that By = By N K.

Finally, consider the predicates Py 4. If for some £ € RVy g and &, ..., ¢q €
RV y2 g the condition Py 4(&, §o, - .., &4) holds in K, then it clearly also holds in L.
Conversely, suppose that Py 4(&, o, - .., ¢q) holds in L, for certain £ € RVy g and

€0, ---»%a € RV 2 . Then take lifts a; € Ok of the ¢; and set f(x) := Z;lzo a;x'.
By assumption, f(x) and £ satisfy the conditions of Lemma 2.8, in L. Hence there is
aunique xg € L such that f(xg) = 0 and rvy (xg) = &. Suppose that xo ¢ K, then up
to passing to a finite field extension M of K[xp], we can find some o € Gal(M/K)
such that o (xg) # xo. But then also f(0(xp)) = 0 and rvy (o (x0)) = & € RVy k,
contradicting uniqueness of xp (in the Henselian valued field M). Hence xo € K, and
Py a(, ¢o,...,¢q) alsoholdsin K. O

3.2 Angular component maps do not always restrict

Let K be a valued field and recall that for any integer N > 0 we write R for the residue
ring Ok /(NMkg). An angular component map acy: K — Ry is a multiplicative
homomorphism K* — R} such that its restriction to O is the projection onto Ry,
extended by acy (0) = 0. A family of such maps {acy: K — Ry}yen is a called a
compatible system if they commute with the natural projections Ry — Ry, for all
N, M e N.

The analogue of Proposition 3.1 fails in any language which includes function
symbols {acy}yen for a compatible system of angular component maps: for a field
extension L > K, it is not always possible to find a compatible system of angu-
lar component maps on L such that their restrictions to K land in Og /(NMg) C
OrL/(NMp).

In particular, the language used by Pas in [27] is not suitable for our application in
Sect. 7.2. Indeed, our approach needs Proposition 3.1 to compare the values of p-adic
integrals between a field and its finite extensions.
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Lemma3.2 Let K be a p-adic field (i.e. a finite extension of Q,), and let L be a totally
ramified finite extension of K. Then the following are equivalent.

(1) There exists a compatible systems of angular component maps on L whose
restrictions to K determine a compatible system of angular component maps on
K.

(2) There exists a uniformizer T of L such that T'F°X1 € K.

Proof Let {acy}y be a compatible system of angular component maps on L that
restricts to a compatible system on K. Since L is complete and {ord N}y is cofinal
in the value group of L, it follows that there is a unique uniformizer t € L satisfying
acy(r) = 1 forall N € N. Similarly, there is a unique uniformizer # € K for which
acy () = 1 forall N € N. Because acy is multiplicative, it follows that LKl — 7
showing that (1) = (2).

For the converse direction, let T be a uniformizer of L such that 7/6°X1 ¢ K. Now
let {acy}ny be the unique compatible system of angular component maps on L for
which acy(t) = 1 forall N € N. O

Proposition 3.3 Let K be a p-adic field. Then for each n € N, there exists a (totally
ramified) field extension L > K of degree pn such that no compatible system of
angular component maps on L restricts to a system of compatible angular component
maps on K.

Proof By Lemma 3.2, it suffices to find a totally ramified field extension of L of K,
of degree pn such that for any uniformizer z € L it holds that 7" ¢ K. Note that if
tP" =7 € K, thenactually L = K[r]and t isaroot of f(x) = xP" — . Moreover,
Or = Ok[r] and we compute that ord( f'(t)) = ord(pn)+ (pn —1) ord 7. Hence the
discriminant of L is ((pn)P"P"~1) ([30, §11.6]). We now construct a totally ramified
field extension of degree pn with a different discriminant. Let o be a root of the
Eisenstein polynomial g(x) = x?" 4+ mx + 7. We have ord(g’(«)) = ord(sr), whence
L = K[«] is a degree pn extension with discriminant (77 P"). O

3.3 Alemma on sums over RVj;

In this section we prove a basic estimate for sums of precise forms (Lemma 3.5), which
will be needed in Sect.7.2. By [29, Prop. 1.8] one reduces to proving this lemma in
a setting where angular components are available. Then our estimate follows easily
from [7, Cor. 5.2.5]. As the details are slightly technical, a reader only interested in
the broader picture can safely skip this section on a first read and refer back to the
statement of Lemma 3.5 when it is used in the proof of Theorem 7.6. We recall the
generalized Denef-Pas language Lopp from [7].

Definition 3.4 Let Lpp be a language with sorts (VF, {RFy}yen, VGoo). On the
valued field sort VF and the residue ring sorts RF y it is the ring language. On the value
group sort VG it is the language of ordered abelian groups Loe = {0, +, <} together
with a constant symbol oco. It further contains function symbols ord: VF — VG
and acy : VF — RFy for the valuation and angular component maps, respectively.
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Any valued field K which is endowed with a compatible system of angular com-
ponent maps is naturally and Lgpp-structure. The sorts VF and RFy are interpreted
as the valued field K and residue rings Ry respectively, while VG is interpreted as
I'o := ' U {o0}. Here oo is a symbol not contained in I which is larger than all other
elements and satisfies y + (c0) = (00) + ¥ = o0, for all y € I'. Write VG for the
definable set VG \{00}.

When X is a finite extension of Q, (i.e. a p-adic field), denote by g the cardinality
of its residue field and by e its ramification index. Identifying the value group of Q,
with Z, one may identify I" with %Z in such a way that the valuation on K extends
the valuation on Q,,.

Lemma3.5 Let f: D C RV; x RV — RV* be definable in LRV. Let K be a p-adic
field and consider for all & € RV™ the function

frx (. &): Dg(60) S RV; — RV*: ¢ = fx (¢, &).

Assume that for all & € RV* it holds that

(1) fx (-, &o) has finite fibers,

(2) ord (fx(Dk (&0), &0)) is bounded below.

Then there exists a polynomial pg (y) € Q[y] such that for all &y € RV* for which
Dk (&) is nonempty it holds that

Z ‘IIEEK ord fx (¢,&) < px(ord Eo)q;eK ming (ord fK(CfO)).

¢eDk (%0)

Proof Choose a compatible system of angular component maps on K and consider
the corresponding Lgpp-structure on K. Recall that an angular component map acy
determines an isomorphism u : RVIX\, — R;, x I, which we extend by u(0) = (0, c0).
We can further extend it to any cartesian product of K’s and RV y’s, by setting it to
be the identity on all factors K. Now define gx := ord o fx o u~!. By (the proof of)
[29, Prop. 1.8], there exists a definable function g in a language £2“¢ such that gg
is its interpretation in K. Parse through [29, Def 1.7 and p.6] to see that £3*€ is a
definitional expansion of L,pp. Hence, we may view gx as the interpretation of an
Lgpp-definable map

p
g: dom(g) € (VG’OO X nRFm) x (RF{ x VG) — VG.

i=1

Recall that RF,;, VG are the notations for the sorts whose interpretations in K are the
residue rings R, and value group T, respectively. By assumption, the maps

gK('v n, P, V) dom(gK)(nv 0, J/) g (FOO) - F: 8 = gK(Sv n, P, V)
have finite fibers and their range is bounded below, for all € l—[i Ry, p € Ry

and y € I'. Now let pg (y) be the sum of the finitely many polynomials pg ; ,(¥)
produced by Lemma 3.6. O
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Lemma3.6 Let U, D and f: D € VG, x VG xU — VG be Lgpp-definable. Let
K be a p-adic field and consider for each (v, u) € T' x Uk the function

fK('v y’u): (Foo)r —-TI:6— fK((S? ]/,M)

Suppose that for each (y,u) € I' x Uk it holds that

(1) fx(,y,u) has finite fibers,
2) fx(Dg(y,u),y,u) is bounded below.

Then for each u € Uk there exists a polynomial px ,(y) € Qly] such that for all
y € I for which Dk (y, u) is nonempty it holds that

Z qlzekfx(ﬁ,y,u) < PK,u(V)Q[EeK min,g(fk(é,y,u)).
SeDk (y,u)

Proof Write ¢ = e¢g, ¢ = gk and rewrite the given sum as

> # (fK(‘v v, u)_l(e)) q .

e€fk (Dk (v,u),y,u)

By [7, Cor.5.2.5] we find that after partitioning the domain D of f into finitely many
pieces, the definable function sending (y, u, €) € I' x Ug x I to the minimal element
(resp. maximal element smaller than 4-00) of fx (-, ¥, u)~! (¢) over all coordinates is
bounded below (resp. above) by a function that is linear in y and ¢. It follows that
for each u € Uk there is a polynomial £, (y, &) € Q[y, €] such that the given sum is
bounded above by

> hu(y, €)q~. )

e€fx (Dk (y,u),y.u)

Leteo(y, u) = ming(fx (8, y, u)) and let /i, (y, €) be a polynomial bounding 4, (y, €)
above and only taking positive values (on all of R?). Then the sum (5) is certainly
bounded above by

> e ©

e>eo(y,u)

This is a finite sum of (derivatives of) geometric series in ¢, which all converge since
g > 1. From the formulas for summing such series (see e.g. [8, Lemma4.4.3]), we
may construct a polynomial pg ,(y, €o) such that (6) is bounded above by

iy eo(y, w)g 0.
For any fixed u we may obtain from [7, Cor.5.2.5] linear functions in y bounding

eo(y, u) above and below, respectively. From this, one can construct a polynomial
pk.u(y) satisfying the conclusion of the lemma. O
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4 3-simple formulas and cells

Let £ be as in Sect.2 and recall that it is an expansion of LRV, In particular, £
includes symbols for partial addition @ and the Hensel lift predicates Py 4. We refine
the strategy of Denef and Pas [12, 26] to prove a new cell decomposition statement,
with extra control on quantifiers. From this refined cell decomposition result, our
applications will follow.

4.1 3-simple formulas

We first introduce a refined variant of Denef’s and Pas’s notion of simple formulas
(which goes back to a notion by Cohen [10]).

Definition 4.1 An L-formula ¢(x) is called 3-simple if it is an existential formula
without quantifiers over the valued field. This means that there exists some quantifier-
free L-formula v (x, &) such that ¢ (x) equals

(3§ e RVi) ¥ (x,§)
for some n € N” (following the notation of Sect.2.4).
g

Definition 4.2 If X is a definable set such that there exists an 3-simple formula ¢(x)
defining X, then we call X an 3-simple set.

Lemma4.3 Let X,Y € VF" x RV}; be 3-simple sets. Then both X NY and X UY
are 3-simple.

Remark 4.4 Let f: X — Y be a definable function whose graph is given by a formula
¢(x, y). Recall from Sect.2.4 that we require X to be precisely the domain of f, or
in other words,

xe X <« Ay eV, y).

This may seem a trivial note but is important to keep in mind, see e.g. Remark 4.7
below.

Definition4.5 Let f: X — Y be a definable function, defined by some formula
¢(x, y). For any formula v (y, z), write

v(f(x),2)

as a shorthand for

dy(px, y) A (y, 2)).

A priori it is not clear if a definable function with an 3-simple graph preserves
J-simple formulas under the kind of substitution considered in Definition 4.5. To this
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end, we also introduce a corresponding variant on Denef’s and Pas’s notion of strongly
definable functions. It will be a consequence of cell decomposition (Corollary 6.4) that
each function with an 3-simple graph is already such an 3-strongly definable function.

Definition 4.6 Let X be an 3-simple set, Y a definable set and f: X — Y a definable
function. The function f is called 3-strongly definable if it preserves 3-simple for-
mulas. That is, for each 3-simple formula v (y, z) there exists some 3-simple formula
¢(x, z) such that

v (f(x),2)
is equivalent to ¢ (x, z).

Remark4.7 If f: X — Y is an 3-strongly definable function and Z O X is a bigger
J-simple set, then f does not necessarily extend to an 3-strongly definable function
Z — Y. The naive procedure of extending by zero may fail if Z\X is not 3-simple.
It is because of such subtleties, that we carefully keep track of the domain of f as in
Remark 4.4

Lemma 4.8 Let X be an 3-simple set.

(1) Let f: X — Y be an 3-strongly definable function and Z an 3-simple subset of
X. The restriction fiz: Z — Y is an 3-strongly definable function.

Q) Iff: X > Yand g: Y — Z are 3-strongly definable, then sois g o f.

(3) The 3-strongly definable functions X — VF form a ring.

(4) Let f: X — RV}, be a definable function whose graph is an 3-simple set. Then f
is an 3-strongly definable function.

Proof (1) Take an 3-simple formula ¢(y, 1) and let ¥ (x, u) be an 3-simple formula
such that ¢ (f (x), u) is equivalent to v (x, #). Then we also have that

xeZAp(f(x),u)) < (x € ZAY(x,u)).

(2) Consider an 3-simple formula ¢(z, u). Then there exists certain 3-simple formulas
Y (y, u) and x (x, u) such that

Pg(f(x), u) & Y(f(x),u) < x(x,u).
(3) This follows from (2), since addition and multiplication are 3-strongly definable
functions VF x VF — VF.

(4) Let ¢(x, &) be an 3-simple formula defining the graph of f. Consider an arbitrary
I-simple formula ¥ (&, y). For x € X, the shorthand ¥ ( f (x), y) stands for

(3 e RVi)(p(x.8) AY(E, y)),

which is already an 3-simple formula as desired.
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Lemma4.9 If f: X — VF is 3-strongly definable, then so is

1
= — : —_—.
X\{x| f(x) =0} > VF: x > )
Proof By Lemma4.8 (1) and (2), this reduces to checking that the function VF \ {0} —
VF: t — % is 3-strongly definable. So let ¢ (¢, x, £) be an 3-simple formula. We show
that go(%, x, £) is equivalent to an 3-simple formula.

We observe that the 3-simple formula ¢ (¢, x, £) does not include any valued field
quantifiers, and all VF-terms are polynomials in 7 and x. Additionally, forany y € K,
wehave y = Oifand only ifrv(y) = 0. Hence, we may assume that every occurrence of
the variable 7 is inside a term of the form rvy (f (¢, x)), where f (¢, x) is a polynomial.

For each such f (¢, x), there is some positive integer d such that

1
(tvy r)drvN(f(;, X)) =rvy g(t, X)

for some polynomial g(¢, x). Suppose for simplicity that ¢ only occurs in a single
term of the form rvy f(¢, x), then we find some 3-simple formula ¥ (x, &, {) such
that (p(%, x, &) is equivalent to

I € RVN( # 0N (v )T - ¢ = 1vy g(t,0) AP (x, €, 0)).
For arbitrary 3-simple formulas, we iterate this procedure. O

In the proofs in Sect. 5, we will sometimes write down formulas that are, strictly
speaking, not 3-simple formulas (and not even L-formulas). It will be clear from
the context that such appearing conditions can equivalently be rewritten as (less
transparent) 3-simple formulas. We illustrate two special cases in the lemma below.

Lemma4.10 Let N, M be positive integers. For each of the conditions below there
exists an 3-simple L-formula ¢(a, b, ¢) such that, for all valued fields K =T and all
choices of a, b, c, that condition is equivalent to K = ¢(a, b, ¢).

(1) orda > ordb + ordc fora, b, cin K (orinRVy),
2) a=rvy(b+c), witha € RVy and b, c € RVny (see Remark 2.5).

Proof We start by considering the first condition, in the case that a, b, ¢ € RV . Then
an equivalent (quantifier-free) formula is given by —(a|bc). In the case where some
of the a, b, ¢ belong to K, we first apply rvy (-).

The second condition can be split up into two parts. First, it asserts that there is a
unique element in rv (b 4 ¢), which is equivalent to rv; (b) # —rvps(c). This can in
turn be rewritten as — @ (rvys(b), rva(c), 0). Second, it implies that a € rvy (b + ¢),
which is expressed by the formula

Ad e RVyy (@ (b, c,d) Atvn(d) = a).

]
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4.2 Cells

Our definitions for cells are quite similar to the cells from [8, Sec. 7]. The main
difference is that we ask all our data to be 3-simple (and not just definable). Recall
Notation 2.12 on fibers of definable sets.

Definition 4.11 (Cells) Let U be any definable set. An 3-simple set Z C VF xU is
called an 3-simple cell with presentation (A, Zp Rr,.) if the following two conditions
hold

(1) Zp r.c € Z xRV; € VF xU x RVj is of the form

Zpre=1{(t,x,8) [ (x,§) € D Arvn(t —c(x,8)) € R()},

where D and R are 3-simple sets, c: D — VF is 3-strongly definable and either
@ # R(E) SRV forall (x,§) € D,or R(§) = {0} forall (x,§) € D.

(2) A2 Z — Zp,r. is an 3-strongly definable bijection, commuting with the
projection onto VF xU.

If R(§) € RV, then Z is called a 3-I-cell, and, if R(§) = {0}, then Z is called a
3-0-cell. The function c is called the center of the cell and the positive integer N is
called the depth of the cell. The 3-simple set D is called the base of Zp g ..

Remark 4.12 In practice, we will usually write Zp, instead of Zp g .. Still, it is impor-
tant to keep in mind that a cell with presentation (A, Zp) comes with a specific choice
of center ¢ (and existentially definable D, R). See also Remark 5.1

Remark 4.13 Any 3-simple cell Z € VF xU, with presentation (A, Zp), can be
rewritten as a disjoint union of fibers of Zp:

z=|] zp®.

£eRVj;

Conversely, let Zp € VF xU x RVj; be an 3-simple set of the form described in
Definition 4.11 (1). If Z is a disjoint union of the fibers of Zp over RVj, then Z is an
3-simple cell. Indeed, define A: Z — Zp by asking that A(z, u) is the unique tuple
(t,u, &) such that (¢, u) € Zp(&). As A has an 3-simple graph and & € RVj, itis 3-
strongly definable, by Lemma 4.8 (4). Hence, Z is an 3-simple cell, with presentation
(A, Zp).

The following theorem will be our main tool for the positive existential uniform
p-adic integration in Sect.7.2; it is our key technical result. The different notions
in this statement are introduced in Sect.2.4 and Definition 4.11 (which builds on
Definitions 4.1 and 4.6)

Theorem 4.14 (Cell decomposition) Let Y € VF x(VF" x RV};) be an existentially
definable set. Then Y is the disjoint union of finitely many 3-simple cells.
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In the next section we will prove Theorem 4.14, or rather, a special case. In Sect. 6,
we will derive quantifier elimination results from that special case of Theorem 4.14
from which the full Theorem 4.14 and an easy description of 3-strongly definable
functions will follow, see Theorems 1.3, 6.1 and Corollaries 6.3, 6.4. In Sect. 7 we will
then obtain our main goals about descent, again essentially using Theorem 4.14.

5 Cell decomposition

To prove Theorem 4.14, we closely follow and refine Denef’s and Pas’s strategy of
[12, 27], the main differences being that we use a language with RV-sorts instead of
angular component maps, and, that we finely control quantifiers throughout the whole
proof. Indeed, we have to be careful to only introduce existential quantifiers over RV y
throughout the entire procedure. We inductively prove Propositions 5.2 and 5.4, for
integers d > 0.

Remark 5.1 Recall that in the proposition below, the center ¢ is part of the data of
the cell Z (Remark 4.12). There might be different choices of centers (and sets D, R)
which yield the same definable set as Z, but for which the conclusion of Proposition 5.2
(resp. Proposition 5.4) does not hold.

Proposition 5.2 (Statement (I);) Let N be a positive integer, X be an 3-simple set,
Z C VF xX an 3-simple cell and f(t, x) a polynomial of degree at most d in the
VF-variable t, whose coefficients are 3-strongly definable functions in x € X.

Then there exist an integer q > 0 and a partition of Z into finitely many 3-simple
cells, such that on each cell 7= L £ 7 p (&), with center c(x, &), the following holds:
if we write

d
f,x) =) ailx, &)t —c(x, ),

i=0

then

d
N (f (1, x) = vy (erNq (ar(x, §)(t — c(x., s»l')) .

i=0

Remark 5.3 Note that the coefficients a; (x, &) are polynomial in ¢(x, &) and the origi-
nal coefficients of f(z, x). In particular, they are 3-strongly definable functions on D,
by Lemma 4.8 (3).

Proposition 5.4 (Statement (Il);) Let N, X and Z be as in Proposition 5.2 and let
fit,x), ..., fr(t, x) be polynomials in t of degree at most d, whose coefficients are
d-strongly definable functions in x € X. Then there exist an integer q > 0 and a
partition of Z into finitely many 3-simple cells, such that on each cell Z = L £ Zp(),
with center c(x, &),

vy (fj (1, x)) = hj(tvng(t — c(x, §)), x, §)),
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for certain 3-strongly definable functions h (¢, x, &), for j =1,...,r.

We say that the f; (¢, x) are prepared on the cells in the resulting decomposition
from Proposition 5.4, and, also, that this cell decomposition prepares the f;(t, x).

Remark 5.5 It is implicit in the above statement that the / ; have domain

dom(hj) = {(tvng (1 — c(x,£)), x, &) | (1, x, ) € Zp).

This set is 3-simple because Zp is 3-simple and ¢ (x, £) is I-strongly definable.

Throughout the proofs below, we will refer to 3-simple cells simply as cells.
Proof of Statement (1), assuming (1);_;and (II),_; We may assume thatd > 1 as the
base case d = 0 is straightforward. We apply the induction hypothesis (I),_; to the
derivative of f (¢, x) (with respect to 7). Up to replacing Z by one of the resulting Z,
we may find some go € N such that on Z

d
N (1 X)) = v (Z TVNgo (iai (x, &) (1 — c(x, E))i_l>> .

i=1

In particular, the right-hand side is a singleton and thus
ord f'(1,.x) = minord (a; (x, )t — c(x, €)' ™") + ord o, %)
l

Let M = d!qg and note that Eq.(7) implies that the first condition of Lemma 2.8 is
fulfilled (with M instead of N). We proceed with several reduction steps.

(1) We may assume that Z is a 3-1-cell, since else f (¢, x) = ap(x, &).

(2) Suppose that Z has presentation (1, Zp). Note that a partition of Zp into cells
yields a corresponding partition of Z. Hence, up to precomposing with 2~ !, we may
as well assume that the coefficients of f (¢, x) have domain D and that Z = Zp.
Effectively, we may omit the reparametrizing variables & from our notation.

(3) Since a cell decomposition for g(y) = ) ;_ga; (x)y' (say with center &(x, ¢))
yields a cell decomposition for f (¢, x) (with center c(x) + ¢(x, ¢)), we may
assume that c(x) is identically zero on D.

(4) Up to possibly increasing gg, we may assume that M is a multiple of the depth
of Zp. Then replace A by the map (¢, x) — (A(¢, x), vy (¢)) and perform the
reduction step (2) again, to reduce to the case where Z is of the form

Z={,x)|x € DArvy(t) =§&(x)},
where £ (x) is simply the projection onto the last coordinate of X (in particular, it
is 3-strongly definable). Note that £(x) € RV;, for all x, since Z is an 3-1-cell.
(5) We may assume that the condition

Ppra(€(x), 1vp2(ao(x)), ..., 1vp2(aq(x)))
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holds on all of D.Indeed, by Eq. (7), its negation implies that for all # withrvs (t) =
&(x) it holds that

ord f(z, x) < min (ord(a,- (x)t")> + ord(M?).

This gives the desired conclusion (with ¢ = M?). Note that the part of D where
Py 4 does not hold is 3-simple, see Remark 2.10.

By this last reduction step, we may assume (by Lemma 2.8) that there exists a definable
d: D — VF, such that f(d(x),x) = 0 and rvy(d(x)) = &(x), for all x € D. We
would like to use d(x) as our new cell center, since we have that

Z={(t,x)|x e DAord(t —d(x)) >ordd(x) + ord M}.

Indeed, the condition ord(t — d(x)) > ordd(x) + ord M is equivalent to rvy,(t) =
vy (d(x)) andrvys (d(x)) = &(x) by construction. As the above description of Z only
depends on x and rv(¢ — d(x)), it is indeed a cell with center d(x).

Now use ord(t —d(x)) > ordd(x)+ord M and Eq. (7) to see thatforall2 < k < d

(k)
ord (f (d(x), x)

o (t — d(x))k> > min(ord a; (x)d (x)' "' (t — d(x))) + ord M,

> ord(f'(d(x), x)(t — d(x))). (®)

Hence, after Taylor expanding f (¢, x) around d(x), it follows that

d
v (f(t, X)) =Y rvy

k=1

( FO@E), x)

x (t — d(x))") . )

This is our desired conclusion, with ¢ = 1.

So all that s left is to prove that the (definable) function d (x) is 3-strongly definable.
Let ¢(¢, y, &) be an 3-simple formula, where y ranges over VF"* and & over RVj.
Without loss of generality, each occurrence of the variable ¢ is inside a term of the
form rvy (h; (¢, y)), for some list of polynomials A1 (¢, y), ..., h.(¢, ). By Euclidean
division, we can write each h; (¢, y) as f(¢, x)qi(¢t, x, y) + pi(t, x, y), where g; and
pi are polynomials in 7, with 3-strongly definable functions in (x, y) € D x VF™ as
coefficients. As f(d(x),x) = 0, we may replace each occurrence of h;(d(x), y) by
pi(d(x), x, y).

Since the ¢-degree of the p; (¢, x, y) is strictly smaller than that of f (¢, x), we may
apply (II),_; to the p; (¢, x, y). Consequently, we may further rewrite ¢(d(x), y, &)
as a finite disjunction over formulas of the form

3¢ € RV ((x,y,8) € CArvy (d(x) — E(x, y,8)) € R($)
/\W(TVM (d(-x) _E(-xa Y, ;))7 yvé’ C))
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Here N is a postive integer, C, R are 3-simple sets, E(x, y, ¢) is an 3-strongly defin-
able function and v is an 3-simple formula. Omitting the variables of the functions
for notational ease, it thus suffices to prove that the function rvy, (d — E) is 3-strongly
definable.

We first show that a condition of the form rvy, (d(x)) = n can be expressed by an
J-simple formula, for any N> € N. We claim that such a condition is equivalent to the
existence of some p € RV 2, such that

d

rvp(p) =&(x) and 0€ > rvyoy,(@)p’ and vy, (p) =1
i=0

Indeed, for one implication, we just take § = 1v 2y, (d(x)). For the other direction, we
notice that the above conditions imply that as in Lemma 2.8 1v s, () lifts uniquely
to a zero of f (¢, x) (namely d(x)).

Up to subdividing C, we may assume that exactly one of the two following 3-simple
conditions holds on all of C

(1) rvyn, (d) # vy, (E). In this case, we have rvy, (d — E) = rvy, (rvMle(d) —
VN2 (E)). This function is 3-strongly definable, by Lemmas 4.10 and 4.8.

(2) tvyn, (d) = vy, (E). In this case, we have ord(d — E) > ordd + ord(M Ny).
In particular, (E, x) € Z. By a similar argument as for Eq. (8), we find that for all
2<k<d

f(k)(E’ x)
ord (T

(E — d)k> > ord(f'(E, x)(E —d)) + ord N;.

Thus, after Taylor expanding f(d, x) = 0 around E, we find that

vy, (—f(E, x)) =1vy, (f(E, x)(E — d)).

O
Proof of Statement (I); assuming (I)yand (II),_, We argue by induction on r > 2.
Let Z1, Z, be cells with respective presentations (A;, Zp,) and centers ¢; fori =1, 2
such that Z; prepares f1(t, x), ..., fr—1(t, x) and Z; prepares f(z, x). We partition
the intersection Z1 N Z; into smaller cells, until all f;(#, x) are prepared. Taking some
sufficiently large ¢ € N and further reparametrizing Z, Z, by one RV y,-variable,
we may assume that their intersection can be written as

ZiNZy =g A, x) | (x,8) € D1 A (x,8) € D,
tvng(t —c1(x, §)) =&,
Ny (t —c2(x, 8)) = &1}

Write D for the 3-simple set containing those (x, &, ¢) for which both (x, £) € D; and

(x,¢) € Dy and set Q = Ng. By adding one more condition to D, we may assume
that c1(x, &) # ca2(x, &) on D. We now partition D such that exactly one of the two
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conditions below holds identically on D. For notational convenience, we again omit
the arguments of our functions.

(1) tvp(t — ) #rvg(c1 — ¢2). In this case, we have
vo(t —cy) = er(rVQz(t — ) — Vo2 (c1 — ¢2)). (10)

After reparametrizing by one additional variable n € RV 2, we may rewrite this
part of Z1 N Z; as

Lle o pf@ ) | (x,6,¢) € D,
§1=1vom+1vpe(cr —¢2)),
vo(n) #1volcr — ¢2),
v (t —c2) = n},

which is a cell (note that we implictly use Lemma 4.10). Moreover, by the Eq. (10)
all f;(z, x) are prepared on this cell.
(2) v (t — ) =rvg(c — ¢2). Since ¢ # c2, condition is equivalent to

ord((t — ¢p) — (c1 — ¢p)) > ord(cy — ¢p) + ord Q.
Hence, this part of Z; N Z, can be rewritten as

Ll (. 2) | (x.6.¢) € D,
ord&; > ord(c; — ¢p) +ord Q,
vp(c1 — ) = {1,
vt —c1) =&}

This is again a cell. Note that it prepares f, because of the equality rvg (t — ¢2) =
vo(cr — ¢2).

O

The following Proposition 5.6 is slightly weaker than Theorem 4.14 as it only

applies to 3-simple sets. However, in the next section we show that actually all

existentially definable sets are 3-simple (Corollary 6.3) thus completing the proof
of Theorem 4.14.

Proposition 5.6 Let Y € VF x(VF" x RV};) be an 3-simple set. Then Y is the disjoint
union of finitely many 3-simple cells.

Proof Let ¢(t, x, &) be an 3-simple formula defining Y, with (¢, x) € VF x VF" and
& € RVj;. We may find a finite list of polynomials fi (¢, x), ..., f; (¢, x) such that each
occurrence of ¢ is inside a term of the form rvy (f;(¢, x)) for some i € {1,...,r}.
We now apply Proposition 5.4 to the polynomials f; (¢, x). This yields a partition of
VF x VF" into 3-simple cells. After taking a cartesian product with RV;;, we obtain
a corresponding decomposition of VF x (VF™ x RVj;).

Let Z = |_|{ Zp(¢) be one of the resulting cells, say with center c(x, {). Assume
that Z is an 3-1-cell (the case where Z is a O-cell is similar, but more straightforward).
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We need to show that Z N Y can again be written as a cell. We may assume that
vy (t —c(x, ) = &1 on Zp, possibly after adding one variable to the tuple ¢. Since
Z was obtained from Proposition 5.4, the restriction of rvy (fi (¢, x)) to Zp is an 3-
strongly definable function #; ({1, x, ¢). We thus find an 3-simple formula ¥ (x, &, ¢)
which is equivalent to ¢ (¢, x, &) whenever (¢, x, ¢) € Zp Then Z NY is given by

||t %, 6) 1, 0) e DAY(x, £,6) Arvy(t —c(x, 0) = &),
¢

and hence it is a cell. O

6 Reduction of existential quantifiers

We now come to our first application of existential cell decomposition. The following
existential quantifier reduction statement in particular implies that any existentially
definable set is already 3-simple (Corollary 6.3), thus completing the proof of
Theorem 4.14. See also [32] for a related result.

Theorem 6.1 (3-VF reduction) Any existential L-formula is equivalent to an
existential L-formula without any VF-quantifiers.

Proof Since existential quantifiers commute, it suffices to show that if ¥ (¢, x, &) is a
quantifier-free formula, then

3t e VE)Y (£, x,8)

is 3-simple. Let Z € VF x (VF” x RV};) be the definable set given by ¢. We need to
show that the projection of Z onto U := VF™ x RVj; is 3-simple. By Proposition 5.6,
we may reduce to the case where Z is a single 3-simple-cell, say with presentation
(A, Zp). But then the projection of Z onto U equals the projection of D onto U. The
latter is 3-simple because D C U x RVj. O

Proof of Theorem 1.3 This is the an instance of Theorem 6.1, with £ = £RY and
T = THen,0- O

Remark 6.2 The fact that the language on VF is an extension of the ring language by
only constants symbols is crucial for Theorem 6.1. Indeed, consider for example the
language £ = LRV U {P;(x)}, where P,(x) is a new unary predicate on the valued
field sort VF. Let T’ D T express that P>(x) is equivalent to (Vy € VF)(x # y2).
Consider the statement 3x P, (x) and suppose it was equivalent to some existential
L'-sentence ¢ without any VF-quantifiers. Then ¢ would be an existential sentence
in the language £” = LRV U {P,(n)},cz. Now let k be an algebraically closed field.
Then 3x P> (x) holds in the valued field k((¢)) (with valuation ring k[[#]]), but not in its
algebraic closure L. Butask((¢)) is an £”-substructure of L and ¢ is existential we must
necessarily have L = ¢, contradiction. Note that any £'-formula is still equivalent
modulo 7’ to an £'-formula without valued field quantifiers, by the classical quantifier
elimination results in the style of Pas, see e.g. [15].
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Corollary 6.3 Any existentially definable set is 3-simple.
Proof This follows immediately from Theorem 6.1. O
Proof of Theorem 4.14 Combine Proposition 5.6 with Corollary 6.3. O

Corollary 6.4 Any definable function f: X — Y with an existentially definable graph
is 3-strongly definable.

Proof Let ¢(x, y) be an existential formula defining the graph of f and let ¥ (y, z) be
an arbitrary 3-simple formula. We need to show that i ( f (x), z) is equivalent to an
3-simple formula. Recall that ¥ (f (x), z) is just a shorthand for

Iy (px, y) A (Y, 2)).

This formula is equivalent to an existential one, hence an 3-simple one, by Theorem 6.1.
O

We also obtain an “existential AKE-like-principle”, where AKE stands for Ax-
Kochen and Ershov. For any LR structure K, we write Th3(K) for the set of all
existential LRV -sentences which hold in K. Let Eﬁg\, be the restriction of LR to the
sorts {RV y}yen. Then we similarly let Thg({RV vk } yen) be the existential theory of
the Eﬁg’v-structure {RVn .k }nen. The following corollary is closely related to results
from [1, 2, 17, 20]. They show that under various additional hypotheses, one can obtain

similar results relative to RV only (without needing all the higher RV y).

Corollary 6.5 Let K, L be Henselian valued fields of characteristic zero, then

L = Tha(K) if and only if {RVN L}nen = Tha({RVy g }nen).

Proof Assume that {RVy 1}yen E Tha({RV y k }nen). Note that this implies that K
and L have the same residue field characteristic p. Indeed for each prime p it holds
that K has residue characteristic p if 0 € le:] 1rv, and K has residue characteristic
different from p if ord(ZlP:1 1rv,) = 0. Suppose K has residue characteristic p > 0
(the case p = 0 is similar) and let Ten o, , be the ERV-theory of nontrivial Henselian
valued fields of mixed characteristic (0, p). Now let ¢ be an existential LRV -sentence
and suppose that K = ¢. We show thatitis equivalent modulo Tyen o, , to an existential
ﬁﬁyv-sentence. By Theorem 6.1, we may assume that ¢ contains no VF-quantifiers.
Then every VF-term in ¢ is given by some m € Z. Hence, there exists an existential
Lﬁ;’\,—formula ¥v(y1,...,yr) and integers m;, N; for i = 1,...,r such that ¢ is
equivalentto ¥ (rvy, (m1), ..., rvy, (m,)). Now take foreachi € {1, ..., r}aninteger
M; such that pMi > m;. Then we have

mj
rvy, (m;) =rvy; ( E 1RVN.])M1.) .
v

k=1

Hence, we may find an existential L‘Rg\,—sentence which is equivalent to ¢ modulo

THeno, p- In particular, L = ¢. O
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Remark 6.6 In [2] a result similar to Corollary 6.5 is proved for equicharacteristic
Henselian valued fields (of any characteristic). They work in a three-sorted structure,
with sorts for the valued field, residue field and value group. Their results do not
extend to the mixed characteristic case, as demonstrated in [2, Rem. 7.4]. Because we
allow data from all RVy (and not just RV), our results hold without restriction on
the residue characteristic or ramification. We also note that a version of Corollary 6.5
trivially holds for fields of positive characteristic. Indeed, if K is of characteristic
p > 0, then RV;’ x =K * and there is an existential Lﬁ;’v—formula defining the
addition of K on RV, k.

7 Descent for the K-index
7.1 The K-index for functions on a non-Archimedean local field K

We now define the K-index for functions F: X € K" — C, where K is a non-
Archimedean local field. Similar terminology exists for the Archimedean fields R and
C instead of K, and is usually called the real, resp. complex, log canonical threshold,
or, the real, resp. complex Arnold index, see [3, 18, 23, 24].

First, we fix some notation regarding integrals. Let K be a non-Archimedean local
field K, namely, K is a finite extension of IF,((¢)) or Q, of some degree n. Write n =
ek fx where p/X =: g is the cardinality of the residue field and e is its ramification
index. The valuation ord: K* — iZ = I induces a non-Archimedean absolute

value |x|x = q;ek ordx We equip K with its additive Haar measure, normalized such

that Ok has measure 1. All integrals will be with respect to this measure.

Definition 7.1 Let X be a measurable subset of K" andlet F': X — C be ameasurable
function. Denote by |-|¢ the absolute value on C.

(1) We define the K-index indl)? (F) of F as the supremum of all s € R.¢ for which
/;(|F(x)|é:dx < 400

if this supremum exists in R..o. We set indl)g (F) = 0if the set of such s is empty
and we set ind§ (F) = 400 if it is unbounded.

(2) For P € X, we define ind’lf(F), the K-index of F at P, as the supremum of all
values

ind¥ ., (F)

as Y ranges over all neighborhoods of P in K.

Remark 7.2 Let g(x) € Ok[x] be a nonconstant polynomial with g(0) = 0, con-
sidered as a map g: O% — K. Suppose that K is of characteristic zero. If

F(x) = |g(x)|;<1 almost everywhere, then indg (F) with P = 0 coincides with
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the value A(Z,) defined in [31]. By [31, Rem.2.8] A(Z,) is at least the (complex) log
canonical threshold of g at zero.

7.2 Uniform p-adic integration over existentially definable sets

In this section, we prove that if K is a p-adic field, and f: X € K" — K isa
function whose graph is defined by an existential LRV -formula, then the K -index of
x = | f(x)|g does notincrease when passing to a finite field extension (Theorem 7.6).
Informally, this expresses that f(x) can not suddenly become less singular by passing
to larger fields. This can be considered as a result about descent, and, about semi-
continuity, for the p-adic indices. If f(x) is not existentially definable, then such form
of semi-continuity does not necessarily hold, as illustrated in Example 7.8. These
descent results will be extended to local fields of (large) positive charactgeristic in
Sect. 7.4, by the transfer principle for motivic and uniform p-adic integrals.

The fact that we don’t consider linear combinations (and neither differences) of
functions of the form x + | f (x)|g can be considered as a basic form of positivity (or,
non-negativity) of the functions we consider for our study of descent, similar to semi-
ring approach (namely without differences) from [8]. In fact, we work with some kind
of double positivity, namely the mentioned non-negativity of the functions | f(x)|g,
together with the existential nature of our objects, as explained in the introduction.

For the purpose of integration, we restrict to a setting where £ is an expansion of L&Y
by constants only and where all the fields under consideration are non-Archimedean
local fields. More precisely, for the remainder of this section, we adopt the following
conventions.

Notation 7.3 Write Loc” for the collection of all non-Archimedean local fields of
characteristic zero, and, given any Ko € Loc? write Loc%o for the collection of all

K € Loc? that are finite field extensions of K. Say that X is a definable set if it is
either LRV -definable or LRV U K(-definable, for some Ko € Loc®. Note that if X is
LRV U K(-definable then it has a natural interpretation X g, for each K € Loc(}{o.

The following lemma is a direct consequence of cell decomposition (see also [26,
27]).

Lemma7.4 Let U and X C VF" xU be existentially definable. Then, there exist
finitely many positive integers My, ..., M, some tuple n € N for some m' > m,
and existentially definable sets D1, ..., D, C RV xU such that for each K € Loc?
(resp. Loc(l)(o ) and each choice of u € Uk the following equality holds

,
/ dv = Y g-imrerord M) g ex(dE+tord)
X i=1 £€D; k()

in the extended real numbers R U {400}.

Proof We prove this by induction on m. By Theorem 4.14, we may reduce to the case
where X C VF x(VF" xU) is a single 3-1-cell, say with center ¢ = c(x, u, &), base
D and with R(§) = {&;} (with notation as in Definition 4.11).
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By o -additivity and Fubini-Tonelli, it follows for all K € Loc® and u € Uk that

dx dt = / </ dt) dx.
ka(u) Z (x,u,§)eDg \Jrvy(t—c)=&)

£eRVj;
As the Haar measure is translation invariant, the inner integral evaluates to

—eg (ord(&1)4ord(N))—1
dx .

Up to a permutation of coordinates, we have D € VF" x(RV;; xU). Now apply the
induction hypothesis to D, with RV; x U in the role of U. O

Notation7.5 If f: X € VF" — VF is a definable function and K € Loc? (resp.
Loc(}(o), then we write ind§(|f|) rather than ind§K (I fxlk)-

We now come to our main result: descent for the K -index of existentially definable
functions.

Theorem 7.6 Let X C VF™ be existentially definable and let f: X — VF be an
existentially definable function. If K € Loc? (resp. LOC(,)<0 ), then we have for all finite
field extensions L > K that

ind (| f]) < ind§ ().

Proof Write e := ek as well as ¢ := g . Let Y (&) be the definable subset of X given
by the conditions x € X and rv(f (x)) = §y € RV*. By o-additivity and linearity, it
follows for each s € R that

/ |fK(x)|S‘de= Z q—eord@o)s/ dx, (11)
Xk

&eRV Yk (§0)

where the left-hand side is finite if and only if the right-hand side is.
Setting ag (&0) = fYK(éo) dx, we get

/X|fk(x)|~}<dx= Z aK(EO)(qS)_eordEO‘F Z aK(EO)(‘]S)_eordgo.
K

ord £ <0 ord £,>0

First consider the case where all ag (§y) are finite. Now view the first summand as
power series in a variable ¢° with some radius of convergence ¢*X . Similarly, view
the second summand as a power series in ¢ —° and write ¢ ~#¥ for its radius of con-
vergence. As both series are Taylor expansions around O of a rational function (by
e.g. [7, Cor. 4.5.2]), the largest real part among poles in s coincides with A g and pg,
respectively. Note that for s = Ag or s = g the respective series diverge, for else
they would converge absolutely on the line Re(s) = Ag or Re(s) = ug.

Hence, if ux < Ak then Ag = ind§(|f|). Otherwise, if ug > Ak, then
ind§(| f1) = 0, by convention. Now define A and wy analogously to Ax and pg.

W Birkhauser



Existential p-adic integration and descent for... Page290f36 24

We need to show that Ax > Az and ux < pur. We focus on the argument for Ag,
since the argument for wg is entirely similar. We may compute this radius using the
formula

q_)‘K = lim sup Z ag (&)

n—oo
—eord&=n

Using Lemma 7.4, we can compute this as a maximum over upper limits of the form

1
n

lim sup Z Z q—e(ord C1+--+ord &) , (12)

n=>+00 \ _, ord gy=n ¢ €Dk (&)

where D is as in the lemma, with u = &p. In particular, D is existentially definable.
We claim that the value of (12) only depends on the function

mp,k (§0) := min{ord({--- &) | ¢ € Dk (§0)}.

where we take the minimum of the empty set to be +00. More precisely, we claim
that (12) can be computed as

mp g (o)
lim sup (q ord & ), (13)

ord §g— —o0

Indeed, since ag (&p) is finite for all &y, the interpretation 6k of the (existentially)
definable map

0: D CRV; xRV* — RV: (¢, &) > [ [ & (14)

i=1

satisfies the hypotheses of Lemma 3.5. It follows that there exists some polynomial
pk (y) € Q[y] such that

q—L’VHD.K(éo) < Z q—eord@l'“{m) < pK(Ord(go))q_emD*K(SU),
¢eDk (&)

for all & such that Dg (&) is nonempty. The claim now follows, since
1

(pk (ord &)) ~¢°"% tends to 1 as ord &y tends to —oo.

The theorem now follows from the claim and the fact that formula (13) also applies
to the computation of Ay = ind)L((l f1), (up to replacing e.g. Dx by Dr, but without
changing D). Since D is existentially definable, we have Dg € Dy . It then follows
that mp_x (§0) = mp 1 (§o) for all & (including when where either function takes the
value +00), whence g ¥ < ¢;** and thus indX (| 1) > ind% (| f]).

) Birkhauser



24 Page300f36 R. Cluckers, M. Stout

Finally, consider the case where ag (§p) is infinite for some & € RVg. Let
Dy, ..., D, € RV x RV be the existentially definable sets produced by Lemma 7.4.
Then by Lemma 3.5 there must be some i € {1, ..., r} such that

{ord(51---&u) | (1,....6m) € Dik (o))} ST

is not bounded below, or such that there exists some y € I" suchthatord(§;...&,) =y
for infinitely many tuples (&1, . .., &) € D; k (&o). Since D; is existentially definable,
it follows that D; x (§0) € D; 1 (o), whence also ay (§p) is infinite. We conclude that
in this case ind% (| £]) = ind% (| f]) = 0. o

Proof of Theorem 1.2 This is included in Theorem 7.6, as any Lyy-definable set is also
LRV _definable. O

We have also a local form of descent, at a point P.

Corollary 7.7 Let f: X € VF" — VF be existentially definable. Let K € Loc® and
P € Xk. For any finite field extension L > K it holds that

ind% (| f]) < ind§ (| f)).

Proof Let 1 € K be a uniformizer. For each n € N, consider the existentially K-
definable set B, (P), given by

B,(P) = {x € VF" | /\ord(x,- —-P) > nord(n))} .
i=1

We apply (the Loc(}(o-version with K = Ky of) Theorem 7.6 to fixng,(p) and find
that foralln € N

ind§np p)(1fD) <ind§qp ) (1D
Now take the supremum over n of both sides. O

The condition that f is existentially definable can not be omitted in Theorem 7.6
or Corollary 7.7, as the following example illustrates.

Example 7.8 Let f: VF — VF be the definable function given by

I/x ifx #0andVy e K(y> # —1),

X fl) = 0 else

Note that f is not existentially definable. A direct calculation shows indé)Q3 fhH =1,
while indZ =D (| £]) = +o0.
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Remark 7.9 For any definable set X, we have a ring of “constructible functions” C(X)
on X, as defined in [7]. If X is existentially definable, it makes sense to consider
the sub-semiring where we only allow existential Lypp-formulas in the description
of the generators and require generators of type a, o to only take values in Ay (as
in [8, Se. 4.2]) and VG5 respectively. In contrast to C(X) (or C+(X), [6, 8]), this
semiring is not yet stable under integration. One would need to add several new types
of functions. We give two examples below.

Example 7.10 Let X € VG x VG, be given by {(y,8) | 0 < 2y < §} and consider
the constant function 2 € C(X). Integrating out the y-variable, we obtain a new
function f(§) € C(VGsyp), given for each K by

fk@) = Y 2=exd+(exs mod?2).
0<2y<$§

This function is not of the form eg ak (8) for any existentially definable a: VG~g —
VGsx¢. With some more work, one shows that f(§) is not built up from the previously
mentioned generators by addition and multiplication.

Example 7.11 Consider the existentially definable set X € VF x VG.q, given by
{(x,8) | 0 <8 < 2ord x} and the constant function 1 € C(X). Then we compute that
forall § > 0 and K € Loc? that

— (K% +1)
gk (8) = / lde =196 ..,
Xk (8) —F)

2

if§ € 2T,
if § ¢ oT.

Now consider f(8) = g°¥%+2g(8)%. The latter is given, for § > 0 by

e®) — {1 if 8 € 2T,

gk ifs ¢ 2rl.
This function g¢k @ m0d 2VG) jg clearly not of the form ¢¢¥#©® for some existentially
definable 8: VG.o — VG (else the complement of 2 VG ¢ would be existentially
definable). With some more work, one can show that it does not lie in the semiring
generated by the previously mentioned generators.

7.3 Application to Poincaré series

We now consider various Poincaré series associated to a tuple of polynomials f(x) =
(f1x), ..., fr(x)) in m variables x = (x1, ..., x;;) with coefficients in Og. These
generating series are associated to the number of (reductions of) solutions of f(x) =0
in the residue rings. For the first two series in the definition below, it is well known
(see e.g. [22, Thm. 2], [11, 13]) that, up to a transformation of variables T +> q,?s,
these series are given by p-adic integrals.
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We apply Theorem 7.6 to these integrals and find that the largest pole (in s) of these
Poincaré series can only grow when passing to finite field extensions (Theorem 7.13).

Definition7.12 Let K € Loc’ and take a tuple of polynomials f(x) =
(fix), ..., fr(x)) in m variables x = (xy, ..., x,) with coefficients in Og. Let
7w € K be a uniformizer and define for all n, j € N the numbers (as in [11])

(1) Np g (f):=#E € (Og /@)™ | f(E) =0},
@) Nug (f) = #E € (Og/(@")" | Iy € OR(f() =0AE =y + @")™).
(3) Nuj k() = #{E € (Og /(@)™ | 3¢ € (O /(@) (fF(©) =0AL =&

mod ")}

For ¢ € N, define the corresponding generating series

p ) +00 Nax (f)
() Prx(T):= 3,2 Nq—r
@) Prx(T) = X525 S,
Nn n
(3) Prex(T) = Y50 Muwi D,

Theorem 7.13 Let K¢ be a p-adic field and f(x) = (fi(x), ..., fr(x)) be tuple of
polynomials in m variables x = (x1, ..., xy) with coefficients in Ok,. Let Qg (T)
be one of the generating series defined in Definition 7.12 and write —Lg (f) for the
largest real part over all poles in s of Qg (qg") and let Ak (f) = 400 if there are no
poles. For any finite field extension L > K, we have

AL(f) <A (f)

Proof We first consider Qg (T) = Py ¢ x (T) for some £ € N. Let X be the definable
set consisting of all those (x, w) € VF” x VF with ord(x), ord(w) > 0 for which
there exists a y € VF" with

ord(y) > 0,
ord(f(y)) > ord(w®),

ord(x — y) > ord(w).

By a direct computation, one has

qdK
qk — 1

Prok(qg’) = /X lw|} dxdw, (15)
K

for all real s for which Pf,g‘K(qI}S) is finite. Note that Py ¢ g (T') is rational (using
e.g. [7, Cor. 4.5.2]). Hence, the norm of its pole closest to the origin (= ¢*¥ (")) equals
its radius of convergence. Alternatively, —Ag (f) can be computed as the infimum
over all s € R for which the right-hand side of (15) is finite. We thus observe that
Ak (f) = ind® (Jjw™!|). Theorem 7.6 now implies that A, (f) < Ag (f).

The claims for I5f, k(qx’) and Py g (qg") similarly follow from their representa-
tions by p-adic integrals (see e.g. [22, Thm. 2], [11, Lem. 3.1] [13]). m|
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Proof of Theorem 1.1 This is part of Theorem 7.13. O

As mentioned in the introduction, Theorem 7.13 implies asymptotic comparisons
for the the numbers N, ¢n x (f).

Corollary7.14 Let £ € N, Ky € Loc® and f(x) = (fikx),..., fr(x)) be a tuple of
polynomials in m variables x = (x1, . .., Xp) with coefficients in Ok,. For any tower
of finite field extensions Ky < K < L, we have that

1 1
| li Nn,Kn,K(f) " <1 li Nn,(n,L(f) !
0g,, | limsup —qn(m+1) <log,, | limsup —qn(m+1)

K L

n—oo n—o00

Proof As the upper limits in the statement of this corollary compute the reciprocal
of radius of convergence of Py ¢ x (T), resp. Py ¢ (T), this follows from the above
Theorem 7.13. O

7.4 Non-Archimedean local fields of large positive characteristic and a transfer
principle

The existing transfer results for p-adic integrals (see e.g. [4, 5, 9]) imply a corre-
sponding transfer statement in the current setting. This in turn implies descent for the
K-index in non-Archimedean fields of sufficiently large positive characteristic.

First, we extend some notation. For any LRV _definable set X, one may take a
defining formula ¢ (x) and consider the sets ¢ (IF, ((¢))), for any prime power g = pl.
By the compactness theorem, any other choice of formula 1 (x) will yield the same
set, as soon as p is sufficiently large (where “sufficiently large” may depend on ¢ and
Y). For sufficiently large p, extend the notation from Sect. 2.4 for definable sets by
writing ¢ (Fy ((7))) =: XF,(())- Similarly extend the notation for definable functions.

For the statement of the next lemma, note that if two non-Archimedean local fields
K, L have isomorphic residue fields, then this induces an isomorphism RVg = RV,
respecting the relations Pj 4, | and & from Sect. 2.4.

Lemma7.15 Let X € VF” x RV" be LRV -definable. Then for all non-Archimedean
local fields K of sufficiently large residue characteristic and all § € RV the value

of
/ dx
Xk (&)

depends only on & and the isomorphism class of the residue field of K.

Proof Choose some defining formula ¢(x, &) for X. The (proof of) [29, Prop 1.8],
produces an Lgpp-formula (Definition 3.4) ¥ (x, £, y) such that for all henselian valued
fields of characteristic zero with angular component maps ¢(x, &) and ¥ (x, ¢, y)
define the same setin K™ x R} x I'", up to the isomorphism RV* = R x I induced
by a choice of angular component map on K. Since it suffices to consider fields whose
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residue characteristic is sufficiently large, we may assume that v (x, ¢, ) does not
contain any symbols acy or quantifiers over RFy for N > 1 (thus it is an Lpp-
formula, in the notation of [4]). By [4, Theorem 4.4.3], there is a fixed constructible
function g(¢, y) € C(RF} x VG") whose interpretation in all non-Archimedean local
fields of sufficiently large residue characteristic is precisely fw .67 dx, whenever
this integral is finite (by [4, Thm. 4.4.1] finiteness of this integral depends only on ¢,
y and the isomorphism class of the residue field).

For each formula yx (¢, y) occurring in the description of g(¢, y), there exists a finite
disjunction over formulas of the form xrr(¢) A xvG(y), with xrr(¢) an Lyjpg-formula
and yvg(y) an Log-formula, such that x (¢, y) is equivalent to this disjunction, for
all Henselian valued fields of equicharacteristic zero with angular component maps
(seee.g. [8, Thm. 2.1.1]). By compactness, these equivalences also hold for Henselian
valued fields of large residue characteristic with angular component maps. Thus for all
non-Archimedean local fields K of sufficiently large residue characteristic, the value
of gk (¢, y) depends only on ¢, y and the isomorphism class of the residue field (since
the value group is always isomorphic to Z). O

Proposition 7.16 Let X € VF" and f: X — VF be LRV -definable. Then for all
non-Archimedean local fields K , L with isomorphic residue fields of sufficiently large
characteristic it holds that

ind§ (| f]) = ind% (| £

Proof If K and L have isomorphic residue fields, then we already remarked that one
may identify RVg and RV . Now Lemma 7.15 implies that the volumes ak (§y) and
ar (&p) in the proof of Theorem 7.6 are equal, for all §y € RVx = RVy. O

Theorem 7.6 and Proposition 7.16 immediately imply descent in large positive
characteristic. We conclude with the analogue of Theorem 7.6 for large positive char-
acteristic and we leave the corresponding analogues of Corollary 7.7 and Theorem 7.13
to the reader.

Corollary 7.17 Let X € VF™ and f: X — VF be existentially LRV -definable and let
K be a non-Archimedean local field of sufficiently large positive characteristic. For
all finite field extensions L > K it holds that

ind% (1 £1) < ind¥ (1 £)).

Our descent results from Theorems 7.6 and 7.13 and Corollary 7.17 can be seen as
semi-continuity results for the K -indices on the one hand, and, for the largest poles on
the other hand. They open the way to study the invariant that comes up by taking their
limits over larger and larger field extensions. It would be interesting to study these
limits, and, to link them to complex invariants, whenever possible.
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